Abstract. In the paper, the author finds an integral-derivative-limit representation, a recurrence formula, some inequalities, and monotonicity related to Stirling numbers of the second kind, and poses a conjecture on monotonicity and logarithmic concavity of sequences related to Stirling numbers of the second kind.
Introduction
In mathematics, Stirling numbers arise in a variety of combinatorics problems. They are introduced in the eighteen century by James Stirling. There are two kinds of Stirling numbers: Stirling numbers of the first kind and Stirling numbers of the second kind. Some properties and recurrence relations of these two kinds of Stirling numbers are collected in, for example, [1, Chapter V] .
Some Stirling number of the second kind S(n, k) is the number of ways of partitioning a set of n elements into k nonempty subsets. It may be computed by
and may be generated by (e x − 1)
In this paper, we will establish an integral-derivative-limit representation, a recurrence formula, some inequalities, and monotonicity related to Stirling numbers of the second kind S(n, k). Finally, we will pose a conjecture on monotonicity and logarithmic concavity of sequences related to Stirling numbers of the second kind.
2. An integral-derivative-limit representation of S(n, k)
We first establish an integral-derivative-limit representation for Stirling numbers of the second kind S(n, k).
Proof. The equation (1.2) may be rearranged as
Differentiating m times on both sides of (2.2) and letting x → 0 give
The integral-derivative-limit representation (2.1) follows. The proof of Theorem 2.1 is complete.
A recurrence formula of S(n, k)
By the well-known Faà di Bruno formula and by the integral-derivative-limit representation (2.1), we now present a recurrence formula for Stirling numbers of the second kind S(n, k).
Proof. In combinatorics, Bell polynomials of the second kind, or say, the partial Bell polynomials, B n,k (x 1 , x 2 , . . . , x n−k+1 ) are defined by
for n ≥ k ≥ 1, and the well-known Faà di Bruno formula may be described in terms of Bell polynomials of the second kind B n,k (x 1 , x 2 , . . . , x n−k+1 ) by 
Consequently, we may obtain the following conclusions:
Since the convention that k m = 0 for m > k, the equation (3.5) includes (3.6). Substituting (3.5) into (2.1) produces
The proof of Theorem 3.1 is complete.
Inequalities and monotonicity related to S(n, k)
In light of properties of absolutely monotonic functions, we now discover some inequalities and monotonicity related to Stirling numbers of the second kind S(n, k). (
. . , q n ) be a real n-tuple of non-negative integers and let a = (a 1 , a 2 , . . . , a n ) and
Proof. A function f is said to be absolutely monotonic on an interval I if f has derivatives of all orders on I and 0 ≤ f (n) (x) < ∞ for x ∈ I and n ≥ 0. See [2] and Chapter XIII in [4] . In [3] 
It is easy to see that
See [6, 7] and plenty of closely-related references cited therein. This means that
absolutely monotonic on (−∞, ∞). As a result, the function
is also absolutely monotonic on (−∞, ∞) and, by Theorem 2.1,
Making use of inequalities (4.4), (4.5), and (4.6) and taking the limit x → 0 find that
The proof of Theorem 4.1 is complete.
Corollary 4.1. For any given k ∈ N, the infinite sequence
is logarithmically convex with respect to n.
Proof. Letting q 1 = q 2 = 1, a 1 = ℓ + 2, a 2 = ℓ, and b 1 = b 2 = ℓ + 1 in the inequality (4.3) leads to
As a result, the sequence (4.9) is logarithmically convex. The proof of Corollary 4.1 is complete.
Theorem 4.2. For any fixed positive integers n, k with
Then the infinite sequence {S 1 (n + m, k + m)} m≥0 is strictly increasing with respect to m.
Proof. It is well known in combinatorics that Stirling numbers of the second kind S(n, k) satisfy S(0, 0) = 1, S(n, 0) = S(0, k) = 0 for n, k ≥ 1, and the "triangular" recurrence relation
for n ≥ k ≥ 1. See [1, p. 208] . Hence, the inequality (4.10) may be rearranged as
Replacing i + k by n in the above inequality and simplifying give
that is, by the recurrence relation (4.12),
In order to prove the increasing monotonicity of the infinite sequence {S 1 (n + m, k + m)} m≥0 , it suffices to show kS
which may be reformulated as which may be rewritten as
Therefore, in order to show (4.13), it is sufficient to verify
which is obvious. The proof of Theorem 4.2 is complete.
A conjecture
Finally we would like to pose the following conjecture.
Conjecture 5.1. For k, ℓ, n ∈ N, let S 1 (n, k) is defined by (4.11) and let
and S ℓ (n, k) = S ℓ+1 (n, k) S ℓ (n, k) (5.2)
for n ≥ k ≥ ℓ + 2. Then the following claims are valid:
(1) For any fixed integers ℓ ∈ N and n ≥ ℓ + 3, the finite sequence {S ℓ (n, k)} ℓ+1≤k≤n is logarithmically concave with respect to k. (2) For any fixed integers n ≥ k ≥ 3, the finite sequence {S ℓ (n, k)} 1≤ℓ≤k−1 is strictly increasing with respect to ℓ. (3) For any fixed integers ℓ ∈ N and n ≥ k ≥ ℓ + 1, the infinite sequence {S ℓ (n+ m, k + m)} m≥0 is strictly increasing with respect to m. (4) For any fixed integers ℓ ∈ N and k ≥ ℓ + 1, the infinite sequence {S ℓ (n, k)} n≥k is strictly increasing with respect to n. (5) For any fixed integers n ≥ k ≥ ℓ + 2, the infinite sequence {S ℓ (n + m, k + m)} m≥0 is strictly increasing with respect to m. (6) For any fixed integers k ≥ ℓ + 2, the infinite sequence {S ℓ (n, k)} n≥k is strictly increasing with respect to n.
